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Abstract 

Let Mn,a and Tn,^ be the fractional maximal and integral operators 
with rough kernels, where < a < n. In this paper, we shall study the 
V^ , continuity properties of Mn,a and Tq^^ on the weighted Morrey spaces 

U''"'(w). The boundedness of their commutators with BMO functions is 
also obtained. 
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1 Introduction 

T-j- ' Let Q, G L'*(5"^^) be homogeneous of degree zero on M", where 5"^^ denotes 

the unit sphere of M"(n > 2) equipped with the normahzed Lebesgue measure 
da and s > 1. For any < a < n, then the fractional integral operator with 

f^ , rough kernel Tn,Q is defined by 

Jr" \y\ 

k^ ■ and a related fractional maximal operator Afji.a is defined by 

.=?.' Mn,o.fix)=sup^ f \n{y')f{x-y)\dy, 

r>0 T J\y\<r 

where y' — y/\y\ for any y ^ {). In 1971, Muckcnhoupt and Wheeden [TT] 
studied the weighted norm inequalities for To,q with the weight 'w{x) = \x\^ . 
The weak type estimates with power weights for Mn,Q and To^q was obtained 
by Ding in [3]. Later, Ding and Lu [3] considered the weighted norm inequalities 
for Mo^^a and Tn,Q with more general weights. More precisely, they proved 

Theorem A ([!])• Let Q < a < n, 1 < s' < p < n/a and 1/q — l/p — a/n. If 
Q. G L^{S"~^) and w" G A{p/s',q/s'), then the operators Mn,a and T^^a are 
all hounded from L'p{'w'p) to L'^{w'^). 
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Let 6 be a locally integrable function on K", then for < a < n, we shall 
define the commutators generated by fractional maximal and integral operators 
with rough kernels and b as follows. 

[6,Ma,a](/)(x) = sup^ / \b{x)~b{y)mx^y)f{y)\dy, 

r>0 T J\y-x\<r 

[6,Tn,o](/)(x) = b{x)Tn.cI[x) - TnAbf){x) 

^^''-^[b{x)^biy)]fiy)dy. 



\x-y\ 

In 1993, by using the Rubio de Francia extrapolation theorem, Segovia and 
Torrea [H] obtained the weighted boundedness of commutator [6, Tq „], where 
6 G BMO{M.") and H. satisfies some Dini smoothness condition (see also [10] )• 
In 1999, Ding and Lu [S] improved this result by removing the smoothness 
condition imposed on il. More specifically, they showed (see also [M]). 

Theorem B (O). Let < a < n, 1 < s' < p < n/a and 1/q = 1/p — a/n. 
Assume that Q e L'{S"~'^), w^' G A{p/s',q/s') and b e BMO{R"), then the 
commutator [6,To,q] is bounded from LP{w'^) to L'^{w'^). 

The classical Morrey spaces C^'^ were first introduced by Morrey in [15] to 
study the local behavior of solutions to second order elliptic partial differential 
equations. For the boundedness of the Hardy-Littlewood maximal operator, 
the fractional integral operator and the Calderon-Zygmund singular integral 
operator on these spaces, we refer the readers to Pji^jlIJI- For the properties 
and applications of classical Morrey spaces, see [7] HllS] and references therein. 

In 2009, Komori and Shirai [13] first defined the weighted Morrey spaces 
LP''^{w) which could be viewed as an extension of weighted Lebesgue spaces, 
and studied the boundedness of the above classical operators on these weighted 
spaces. Recently, in [22] and [25, we have established the continuity properties 
of some other operators on the weighted Morrey spaces LP''^{w). 

The purpose of this paper is to discuss the boundedness properties of M^^a 
and Tfia on the weighted Morrey spaces. Here, and in what follows we shall 
use the notation s' = s/{s — 1) when 1 < s < oo and s' = 1 when s — oo. Our 
main results in the paper are formulated as follows. 

Theorem 1.1. Suppose that ^ e L''(S'"~^) with l<s<oo. //0<a<n, 1< 
s' < p < n/a, 1/q = 1/p — a/n, < k < p/q and w" £ A{p/s', q/s'), then the 
fractional maximal operator Ma^a is bounded from L'P''^{w'^ ,w'^) to L'^''^'^'P{w'^). 

Theorem 1.2. Suppose that n £ L^S'^^'^) with 1 < s < oo. IfO <a <n, 1< 

s' < p < n/a, 1/q = 1/p — a/n, < k < p/q and w^ £ A{p/s' , q/s'), then the 
fractional integral operator To.q is bounded from L'P''^{w'p ,w'') to L'^''^'^'p{w'^). 

Theorem 1.3. Suppose thatVl £ i^(5""i) with 1< s < oo andb £ BMO{R"). 
IfO<a<n, l<s'<p< n/a, 1/q = 1/p — a/n, < k < p/q and 
ui** £ A{p/s' ,q/s'), then the commutator [b,Tfi^a\ is bounded from U''"'{w^ ,w'^) 
to L«.«'?/P(it;'?). 



2 Notations and definitions 

Let us first recall some standard definitions and notations. The classical Ap 
weight theory was first introduced by Muckenhoupt in the study of weighted 
LP boundedness of Hardy-Littlewood maximal functions in |16) . A weight w 
is a nonnegative, locally integrable function on M", B — B{xo,rB) denotes the 
ball with the center xq and radius r^. Given a ball B and A > 0, XB denotes 
the ball with the same center as B whose radius is A times that of B. For a 
given weight function w, we also denote the Lebesgue measure of i? by \B\ and 
the weighted measure of B by w{B), where w(i?) = J^ w{x) dx. We say that 
w G Ap, \ < p < oo, if 

-i- / w{x) dx] f -^ / u>(a;)-i/(P-i) dx] < C for every ball B C W\ 
\B\ Jb J \\B\ Jb J 

where C is a positive constant which is independent of B. 
For the case p = 1, w £ Ai, ii 

- — r / w(x) dx < C ■ essmiw(x) for every ball i? C M" . 
\B\Jb ^ ^ - xeB "■ > ^ 

For the case p — oo, w £ A^o if it satisfies the Ap condition for some 
1 < p < oo. 

We also need another weight class A{p, q) introduced by Muckenhoupt and 
Wheeden in [T5]. A weight function w belongs to A{p,q) for 1 < p < g < oo if 
there exists a constant C > such that 

If \ ^/"^ / 1 /^ ^ ^/P' 



,„, , w{xYdx] [-— w{x)-P dx] <C for every ball B C M". 
1^1 Jb J Vl-^l Jb J 

A weight function w is said to belong to the reverse Holder class RHr if 
there exist two constants r > 1 and C > such that the following reverse 
Holder inequality holds 

-^ / w{xY dx] < C f -^ / w{x) dx] for every ball S C M". 
\B\Jb J \\B\Jb J 

We state the following results that we will use frequently in the sequel. 

Lemma 2.1 ([101). Let w £ Ap with p > \. Then, for any hall B, there exists 
an absolute constant C > such that 

w{2B) <Cw{B). 

In general, for any \ > \, we have 

w{XB) <C-W''Pw{B), 

where C does not depend on B nor on A. 



Lemma 2.2 (|11|). Let w G RHr with r > 1. Then there exists a constant 
C > such that 

w{E) ^^f\E\^^^-'^'^ 



w{B) - \\B 
for any measurable subset E of a ball B. 

Next we shall introduce the Hardy-Littlewood maxiinal operator, its variant 
and BMO spaces. The Hardy-Littlewood maximal operator M is defined by 

Af (/)(x) = sup ^ / \f{y)\dy, 
xeB \-d\ Jb 

where the supremum is taken over all balls B containing x. For < a < n, 
s > 1, we define the fractional maximal operator M^^s by 

M„,,(/)(x) = sup (—^ f |/(y)r dy) . 
xeB \\d\ ^ Jb J 

Moreover, we denote simply by Ma when s = 1. 

A locally integrable function b is said to be in _BAfO(R") if 



sup — - / \b{x) - &b| dx < oo, 
B \B\ Jb 



where bs stands for the average of b on B, i.e. bB = jwi Ib ^^v) ^y and the 
supremum is taken over all balls B in M". 



Theorem C ([Hill]). Assume that b e SMO(E"). Then for any 1 <p <oo, 
we have 

sup (-^ I Jb{x) ~ bB\' dx) <C\\b\U. 

We are going to conclude this section by defining the weighted Morrey space 
and giving the known result relevant to this paper. For further details, we refer 
the readers to [T3j . 

Definition 2.3 (|13j). Let 1 < p < oo, < k < 1 and w be a weight function. 
Then the weighted Morrey space is defined by 

L^^'^M - {/ G Lf„,H : ||/|Up,.(^) < oo}, 

where 

ll/llLp-(t«) =supf .^w / \fix)\Pw{x)dx) 

and the supremum is taken over all balls B in M" . 

In order to deal with the fractional order case, we need to consider the 
weighted Morrey space with two weights. 



i/p 



Definition 2.4 ([I3])- Let 1 < p < oo and < k < 1. Then for two weights u 
and V, the weighted Morrey space is defined by 

LP'-{u,v) = {/ e Ll^iu) : \\f\\Lp.Hu,v) < oo}, 

where 

||/||lp-(«,^) =sup f — — / \f{x)\Pu{x)dx\ 

Theorem D. // < a < n, 1 < p < n/a, l/q ~ l/p — a/n, < k < p/q 
and w e A(p,q), then the fractional maximal operator M^ is bounded from 
LP^''{wP,w'') to Li^^i/Piwi). 

Throughout this article, we will use C to denote a positive constant, which 
is independent of the main parameters and not necessarily the same at each 
occurrence. By A ^ B, we mean that there exists a constant C > 1 such that 



h<^<c 



3 Proof of Theorem 1.1 

Proof of Theorem 1.1. For O £ L"(S'"~i), we set 

l|n|U.(S"-) = (^^_Jf^(2/')rMy')) 

From Holder's inequality, it follows that 

I/S / . X 1/s' 



1/s 



Mn,c.f{x) < sup ^( f \niy')\Uy) (f \fix-y)fdy] 

r>0 r"- " \J\y\<r ) \J\y\<-r I 

< C||f]|U,(,„-.) • sup f-^ f |/(x - yr dy) 



y\<r 

<C||»Le(g„-.).sup ^ ^^. f Ifiy^'dy] 

= C||r!|U=(5"-i)Ma,.'(/)(a:). 

If we let pi = pI s\ q\ — qj s' and v — w^ ., then for 0<a<n, l<s'< n/a, 
we have 1/gi = 1/pi — {as')/n and < k < pi/qi. Also observe that 

Hence, by Theorem D, we obtain 

If '111 It' 

< c\\\ f I* 

— IM'' I llLJ'i''«(iyPi,iy'Ji) 

— ^ 11/ \\lP''^(wp,wi)- 

This finishes the proof of Theorem 1.1. D 



4 Proof of Theorem 1.2 

Proof of Theorem 1.2. Fix a ball B — B{xo,rB) Q K" and decompose / = 
/i + /2, where /i = fx2B ^^^ X2B denotes the characteristic function of 2B. 
Since Tq^q is a linear operator, then we can write 

1 / /• \ 1/9 






= /l+/2. 

As in the proof of Theorem 1.1, we also set pi — p/s' , qi — q/s' and v — w'^ . 
Since u £ A{pi,qi), then we get v'^^ = w"^ e Ai^^^/pi (see [ISj). Hence, by 
Theorem A and Lemma 2.1, we have 

1 / /• \ i/p 



^i<C'- ^^^ / |/(a;)|''u)(a;f da; 

1- wiiBY/pyj^B 

wii2Br/P 

Wc now turn to deal with the term I2. An application of Holder's inequality 
gives us that 

|T„,.(A)(.)|<|^^^fcl||/(,)|* (1) 

,£(/ 10,. -.,r. »)'"(/ ^f^V" 

When X £ B and y £ 2'^^^B\2''B, then we can easily see that 2''~^rB < \y~x\ < 
2/c+2^^_ Thus, by a simple computation, we deduce 



/ \n{x-y)\Uy) <C||fi|U=(s„-l)|2^+li?|'/^ (2) 

J2'' + ^B\2''B J 



1/s 

Mx-yWdy] 

2'' + ^B\2''B 

We also note that ii x £ B, y £ (25)^, then \y — x\ ~ |y — a;o|. Consequently 

(3) 
Substituting the above two inequalities (2) and (3) into (1), we obtain 



\TnAh){x)\ < c\m,.,s^-., fj |^,^,^|L/.„-i/. (£^,^ i/(y)r' ^2/ 



i/s' 



By using Holder's inequality and the definition of i^ G A{pi,qi), we can get 

/ IfiyW'dy) < / |/(2/)r^V(yrMy / lyiyV'^ dy) 



<C' / \f(y)\Pw(y)Pdy , , , ,^, ,,, 

(4) 
So we have 

|Taa(/2)(2:)| < C||/|Up,»(^p,^,)^u;^(2'^+1b) 



fc=i 
which implies 



-^2 < C'|l/||LP.~(u,P,to9) / ^ 



fc=l 



u;9(2fc+iB)i/'?-K/p' 



Observe that w'' = i^''^ G A]^_|_gj /p' , then we know that there exists r > 1 such 
that w'^ G RHr- Thus, it follows directly from Lemma 2.2 that 

y^HB) ( \B\ N(^-i)/^ 



Therefore 

(l-l/r)(l/q-K/p) 



h < C\\f\\LP.-.{wP,wi) 2_^ I 7^ 



2" 

k=l ^ 
^ ^ ll/llLP'~(tuP,tu9)i 

where the last series is convergent since r > 1 and < k < p/q. Combining the 
above estimates for /i and I2 and taking the supremum over all balls B C M", 
we complete the proof of Theorem 1.2. D 

5 Proof of Theorem 1.3 

Proof of Theorem 1.3. Fix a ball B = B(xo, r^) C R". Let / = A + /s, where 
/i = /x2B • Since \h, Tq.q] is a linear operator, then we have 



1 



1/9 



= Jl+ J2. 



As before, we set pi — p/s', qi = q/s' and v = w^ , then v''^ = w'' G Ai^q^/pi . 
Theorem B and Lemma 2.1 imply 

i/p 



Ji<C||6||, 



1 



Wl{BY/P yj^g 



^ C\\b\\*\\f\\LP,'^{wP,wi) 



\f{x)\Pwix)Pdx 
w'i{2BY/P 



wi{BY/p 

< C'||&!I*||/||lP'«(«ip,-u;'!)- 

In order to estimate the term J2, for any x G i?, we first write 



(6) 



\[b,Tn,a]f2{a 



n{x - y) 



l(2BY \x-y 
<\b{x)-hB\ ■ 



'-[b{x)-b{y)\,f{y)dy 
-;::r^\.f{y)\dy 



i(2BY \^-y 

\^{x-y)\ 



{2BY- \x-y\ 



\b{y)-bB\\f{y)\dy 



I+II. 



For the term I, it follows from the previous estimates (2) and (4) that 



I<C||/|Up,«(^P,^,)|5(a;)-6B|.^ 



fe=i 



yjq{2^+lBYll-'^/P' 



Hence 



W1{B)'^/P \JB 



F w{xY dx 
1 



1/9 



E' 



" '-' il/ II LP. ~(tuP,tu9) 7 , 



wi{B)'-'/p ^ w'i{2^^^BYI'i-'^IP 
w'i(Bfl'i-'^IP ( 1 



\b{x)-bB\'^w{xfdx 



^li 



Z-, ^q^2''+lBY/q-n/p ywl(B) 



\b{x)-bB\'^w{xydx 



1/9 



We now claim that for any 1 < q < 00 and fi G Aoo, the following inequality 
holds 



1 



1/9 
\b{x)-bB\'^^iix)dx] <C\\b\\ 



(7) 



.KB) JB 

In fact, since /i G A^o, then there must exist r > 1 such that /i G RHr- Thus 
by Holder's inequality and Theorem C, we obtain 



1 



M(i?) 



|6(a;)-6B|V(a;)rfa; < 



1/9 



1 



fi{By/i 



\b{x)-bBr dx 



l/{qr') 



p.{xY dx 



l/iqr) 



^^[jw\ I Hx)-bBr dx 

<c\\b\u, 



l/(qr') 



which is our desired result. Note that w' G Ai^g^/p' C Aoo- In addition, we 
have w'^ S RHr with r > 1. Hence, by the incquaUties (5) and (7), we get 



wi{BY/p 



1/9 °° / 1 \ (l-l/r-)(l/9-K/p) 



jjiwixfdx^ < C||fo|M|/||LP.»(™P,»,)E (^) 



<c^II^^II*II/IIlp-(™p,».)- (8) 

On the other hand 

+ £/ .. ^^^\h^^^B-bsmy)\dy 

= III+IV. 

To estimate III and IV, we observe that when x ^ B, y ^ (S-B)*^, then \y — x\ ^ 
\y — xo\. Thus, it follows from Holder's inequality and (2) that 



- ^J2^-+1B|1-"/" 72'=+iS\2'.-S ' 
^^E 12^^+1 j3|Wn-iA - {l^^^Jb{y)-b,...sf\f{yW'dy^ 



{x-y)\\b{y) -b2k+iB\\fiy)\dy 

l/s' 



k=l 

An application of Holder's inequality yields 

l/s' 



\b{y)-b2k+iB\ \f{y)\' dy 

/2fc + iB 
/ p \ l/CPis') / p , , \ l/(pis') 

< / \f{y)r''^{yy'dy] / |%)-&2^+isr^'Ky)^'''^rf2/ 

\J2>' + ^B J \J2>' + ^B J 

< / l/(y)r^(yrrfy / \b{y)-b2.^.Br' viyy^'^dy 

Since z^ e A(pi, gi), then we know that v^^^ e ^i+p' /gi C Aoo(see [18]). Hence, 
by using the inequality (7) and the fact that v G A(j)\^q\)^ we obtain 



/ \b{y)-b.,.^.Bt'v{y)-^'^dy] <q|6|U.i.-P^2'=+iB)'/^^^^^ 

'|2fc+l^|l/gi + l/p'i^ 



<C||&||, 



jygi(2fc+l_B)l/?i 



lofc+lnll/s'-l/p+l/g 



Consequently, by the above inequality (9), wc deduce 

OO -J 

in < C||6||,||/|Up,«(^p,„,) ^ ,^g(2fe+iB)i/9-K/p' 
which implies 



1/9 °2, «,9rR^i/9-«/p 






u;9(B)i 



<C||6||,||/|Up.»(^p,^,). (10) 

Since 6 e BMO{M."), then a direct calculation shows that 

\b2k + iB — &b| < C • fc||&||*- 
Moreover, by Holder's inequality, the estimates (2) and (4), we can get 



OO 

IV <C||HUEfc- 12^+1 j3|i-./» /,, _ |f^(.-y)||/(2/)|ciy 

OO _, 



Therefore 

1 / /■ \ "^^'^ ^ iifllBV/'i^'^IP 



/• \ J-/9 "^ 

/ W'wixYdx] <c||6|UII/l!LP,-=(»P.»,)Vfc 



°° fc 

fc=l 

<c||fe|U||/|Up,«(^p,^,), (11) 

where lu'' G RHr and (5 = (1 — l/r){l/q — n/p). Summarizing the estimates (10) 
and (11) derived above, we thus obtain 

^,(j^),/p (^II''^(^)^^^) '<C||5|M|/|U.,.(^.,„,). (12) 

Combining the inequalities (6) and (8) with the above inequality (12) and taking 
the supremum over all balls B C M", we conclude the proof of Theorem 1.3. D 

It should be pointed out that [b,MQ,,a\{f) can be controlled pointwise by 
[6, r|j7|^](|/|) for any f{x). In fact, for any < a < n, a; € R" and r > 0, we 



10 



have 



[6,r|o|,J(|/|)(a:) > / l^^\j}l \bix)-biy)\\fiy)\dy 



y- 



>-i- / \n{x-y)\\b{x)-b{y)\\f{y)\dy. 



f.n — a 

\y — x\ <r 



Taking the supremuni for all r > on both sides of the above inequality, we get 

[b, Mn^a.Kf){x) < [b,T\n\J{\.mx), for all a; e R". 
Hence, as a direct consequence of Theorem 1.3, we finally obtain the following 

Corollary 5.1. Suppose thatn e L''(S'"-i) with 1< s<oo andbe BMO{W"). 
IfO<a<n, l<s'<p< njOL, \/q = 1/p — a/n, < k < p/q and 
«;** S A{p/s', q/s'), then the commutator [b, Mn^a] is bounded from LP''^{w''', w'^) 
to i«''*9/P(u;9). 
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